Abstract-A main attribute of the Sumudu transform lies in its units preserving property.
The Laplace transform usage dates back to Euler's 1737 'De Constructione Aequationum'. Its use has been prevalent in solving ordinary differential, difference, and functional equations. Like Euler, a list of contributors to the Laplace transform theory, many of whom have other transforms attached to their names, include but is certainly not limited to Lagrange, Laplace, Fourier, Poisson, Cauchy, Abel, Liouville, Boole, Riemann, Pincherle, Amaldi, Tricomi, Picard, Mellin, Borel, Heaviside, Bateman, Titchmarsh, Bernstein, Doetsch, and Widder [1] . The bilateral Laplace transform is an integral transform closely related to the Fourier transform, the ordinary one-sided, and the twosided or s-multiplied Laplace transform [5, 12] . For, f (t), a real or complex valued function of the real variable t taking domain over all real numbers, the bilateral Laplace transform is defined by the integral,
Albeit less famed than its one sided counterpart, the bilateral transform can be encountered in all areas of scientific applications where the functions used may be defined, but not necessarily, over subsets of both sides of the real axis. For instance, the moment generating function of a continuous probability density function,
Given any real number, a, and the shifted unit step function, H a (t), of the Heaviside function,
the one-sided ordinary Laplace transform, L, may be defined in terms of the bilateral Laplace transform by,
Clearly, either version of the Laplace transform can be defined in terms of the other, since we also have,
The Fourier transform may also be defined in terms of the bilateral Laplace transform as follows,
According to this definition, the inverse Fourier transform is then given by,
Therefore,
provided,
In science, and engineering applications, the argument t often represents time (in seconds), while the function f (t) represents a signal or waveform that varies with time. In these cases, f (t) is called the time domain representation of the signal, while F (s) is called the frequency domain representation. The inverse transformation then represents a synthesis of the signal as the sum of its frequency components taken over all frequencies, whereas the forward transformation represents the analysis of the signal into its frequency components [9] .
The two-sided Laplace (different from bilateral) transform used by some authors, is defined by,
The two-sided Laplace transform is at times referred to as the s-multiplied Laplace transform as can be traced to Mclachlan 1948 book (see references in [5] ). If, s, is real and we take, u = 1/s, then the two-sided Laplace transform [12] , is what Watagula [13] , defined as the Sumudu transform or simply the Sumudu as connoted in [2-, 3] , given by,
SUMUDU TRANSFORM PROPERTIES
While much more may be needed, extensive research has been carried out to date concerning the properties and applications of the Sumudu transform. It turns out that among other attributes, the Sumudu does preserve, average, scale, sign, and unit properties [2] [3] [4] [5] . Provided the function, f (t) satisfies,
for t ≥ 0,
after a change of variable, the sumudu of f (t), can be rewritten as (see for instance [4, 5] ),
Hence, if, Γ, denotes the Gamma function, and, [10] . In particular, for any nonegative integer, n, we have,
u , with, u ≥ a, and,
Clearly, for real s, we have a Laplace-Sumudu Duality (LSD [2] [3] [4] [5] or Reciprocity Property [9] ) in the sense that,
This relation extends in fact to when, s = 1/u, is complex, and to the ordinary one-sided Laplace transform,
Using the LSD, it is pragmatic to reproduce an inverse Sumudu, S −1 , residue theorem [4] .
Theorem 1. Let M(u) denote the Sumudu of the function, f(t), such that,
(i) the function, sM (s), is meromorphic, with singularities having, Re(s) < β, and
then, modulo null functions, f (t), is uniquely given by,
Now, denoting by, f (n) (t), the n'th derivative for the function, f (t), for integers n ≥ 0, we have [5] ,
In particular,
Extensions of the Sumudu differentiation properties to fractional exponents were recently established in [10] . Now, we present various useful Sumudu convolution (and hence integration) results (see [3] ).
Theorem 2. Let M (u) and N (u), be the sumudi for the functions, f (t) and g(t), respectively, then,
(i) The Sumudu of the convolution of f , and g,
(ii) The Sumudu of the derivative of the convolution of functions, f and g,
(iii) The Sumudu of the derivative of the convolution of f with itself,
(iv) The Sumudu of the anti-diderivative of the function, f (t),
Proof: To prove (i), we note that,
which upon making the variable change, t = v + w, becomes,
Now, if we set, τ = uv, then dτ = udv, with uv
yielding the sumudu of the convolution of f and g. This is obviously consistent with the commutativity of the convolution, f * g = g * f . Since, (f * g) = (f * g) = (f * g ), and, (f * g)(0) = 0, using Equation (18), proves (ii),
To prove (iii) and (iv), set, g = f , and g(t) ≡ 1, respectively in Equation (26),
For instance, this confirms that since,
then,
SUMUDU BASED MAXWELL'S EQUATIONS TREATMENT
Based on transient excitation functions, the ordinary Laplace transform method has been the traditional tool used for solving Maxwell's equations. Here, we use the Sumudu to solve the problem of transverse electromagnetic planar, (TEMP), waves propagating in the z-direction in an unbounded lossy medium with constant permittivity , permeability µ, and positive conductivity, σ [6] [7] [8] . The development below follows closely the one in [9] . The electric field vector, E, and the magnetic field vector, H, interactions are generally described by Maxwell's equations [11] , 
Now taking the partial derivative of (i) with respect to z,
helps us eliminate G(z, u) and obtain a differential equation for F (z, u) only,
Now inputting the consequent initial time values relation into the previous equation,
∂H(z, t) ∂z
we get the resulting equation,
If we assume the known initial conditions to satisfy, E(z, t → 0) = f 0 (z), and, ∂E(z, t → 0)/∂t = f 0 (z), and we set, ρ = µσ u , λ = µ u , and, γ 2 = µσ u + µ u 2 = ρ + λ/u, we see that Equation (37) yields,
where, W (z, u) = −(γ 2 f 0 (z) + λf 0 (z)) = −(ρf 0 (z) + λ[f 0 (z) + f 0 (z)/u]).
As expected, for unit consistency, both quantities, f 0 (z), and, (f 0 (z)/u), must have the same exact units. We observe that the homogeneous solution of Equation (38) 
Next, considering the boundary conditions concerning the electric field, E(z, t), we have,
along with the assumption that for, z > 0, the wave, f (t), is traveling in a lossy medium having positive conductivity. In this case, we get, the time coefficients A, and B in Equation (40), satisfy,
A(u) = 0, and,
